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Abstract 
Mallard, M., Cycle-regular graphs, Discrete Mathematics 89 (1991) 29-41. 
H.M. Mulder introduced (O,A)-graphs and proved that maximum (O,A)-graphs are hyper- 
cubes. One way of generalization of this concept is to consider cycle-regular graphs. We prove 
that these graphs have also some regularity properties and that maximum [3, 1,6]-cycle regular 
graphs are also related to hypercubes. 
0. Introduction 
In this paper a path of length 1 of a graph G is a sequence of vertices 
&, Ul, * . * , u, such that any two consecutive vertices are adjacent in G and the 
vertices are distinct except possibly u. and uI. 
An elementary cycle of length m of G is a connected subgraph of G on m 
distinct vertices {u,, . . . , u,} regular of degree 2. 
We say that a path uo, ul, . . . , ul belongs to an elementary cycle on 
{u,, . * . 7 v,} if and only if {uo, ul, . . . , ul} c {vl, . . . , v,} and the path is an 
induced subgraph of the cycle. 
(0, A)-graphs (connected graph in which any two vertices have A common 
neighbours or none at all) have been introduced by Mulder [3]. These graphs are 
regular. 
Definition. Let 1 and h be two integers with 12 2, ;1> 1 and G = (V, E) be a 
finite connected graph with neither loops nor multiple edges of girth at least 1. 
G is a [I, ;l]-cycle regular graph if there is a non-empty subset C of elementary 
cycles in G such that every path in G of length 1 belongs to exactly A cycles in C. 
In the important case where C is the set of elementary cycles of a given length 
m (m 2 21) we say that G is a [I, A, ml-cycle regular graph (Fig. 1). 
The [2,1,4]-cycle regular graphs are exactly the (0,2)-graphs of Mulder. These 
graphs are regular and maximum ones are hypercubes [2,3]. 
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Fig. 1. An example of a [3, 1,6]-cycle regular graph. 
We first study the regularity of [I, Al-cycle regular graphs of minimal degree 
6 3 3. In the second section we study the case 6 = 2 and in the third part we give 
two families of [3,1,6]-cycle regular graphs and prove that maximum ones are 
also related to the hypercube. 
1. General case 
Let d(u) be the degree of a vertex u in G. 
Lemma 1. Let 4, u2, . . . , u, be a path of length 1 - 1 in a [I, Al-cycle regular 
graph. Then d(u,) = d(u,). 
Proof. The girth of G is at least 1. Therefore every vertex adjacent to ui and 
distinct from u2 is not on the path ui, u2, . . . , u,, but it may be Us. If I > 2, delete 
an eventual edge (ui, u,) between u1 and uI. Let xi (i = 0, 1, . . . , I) and Yj 
(i = 0, 1, . . . , J) be the vertices adjacent to respectively ui and u, (we assume 
that x0 = u2, y,, = uI_J (Fig. 2). We have to prove that I = J. For all nonzero i and 
j and all k, we have xi # uk and J’j f uk. 
For a nonzero i <Z, let bi be the number of cycles in C which contain the path 
xi, Ul, u2, . . * 9 uI. We have by definition of a [I, Al-cycle regular graph & = A. 
The number of cycles in C which contain the path ui, u2, . . . , uI is exactly 
&=i,..,,, hi because each of these cycles contains one and only one path 
xi, ul, u2, . . * ) uI- 
“1 “2 “3 u 1-2 u l-1 “1 
Jg------- 
Fig. 2. 
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Fig. 3. 
We can make the same computation for u, and the paths ui, u2, . . . , uI, yi so 
we have 3cZ = AZ and therefore d(ui) = d(u,). 0 
Lemma 2. Every vertex v of a [I, Al-cycle regular graph is on at least one cycle 
in C. 
Proof. Let C be a cycle of C (C is not empty). If v is not on this cycle there is a 
minimal path between v and C. Then C and this path are disjoint and we can 
choose on their union a path of length I with an end-point in v and this path 
belongs to il cycles in C. 0 
Definition. A bipartite graph is said to be semiregular if the vertices in the same 
bipartition are of the same valency. 
Theorem 3. Zf G is a [I, Al-cycle regular graph of minimal degree 6 3 3 then G is 
regular or semiregular. 
Proof. Let u and v be two vertices joined by a path of length 2 say u, X, v (Fig. 
3). Since 6(G) 2 3, there is an other vertex w adjacent to X. Then w is on a cycle 
of C therefore there is on this cycle at least a path w, . . . , t of length 1-3 which 
does not use the vertices X, u and v (G is of girth at least I). Then 
u, x, (w, . . . 7 t) and v, X, (w, . . . , t) are two paths of length 1 - 1 so d(u) = 
d(v) = d(t). 
By connectivity the vertices joined by paths of even length have the same 
degree. Therefore G is regular or without cycles of odd length and in this case it 
is a semiregular graph. This ends the proof of Theorem 3. 17 
Remark 4. We can extend the definition of [Z, Al-cycle regular graph to 
multigraphs and Lemma 1 (thus Theorem 3) can be proved with the same 
demonstration counting the number of incident edges rather than adjacent 
vertices. 
Remark 5. Notice that the condition 12 2 is necessary to give us some regularity 
properties. For example graphs of which the blocks are 3-cliques or the following 
graph with 6(G) 24 (Fig. 4) h ave the property that every edge belongs to 
exactly one 3-cycle, but they are not regular or semiregular. 
In Theorem 3 we assume 6(G) 2 3 and by Lemma 2 we have 6(G) 2 2; we are 
now going to study the remaining case. 
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Fig. 4. 
2. The case 6(G) = 2 
At every path P of length p with an end-vertex x we can associate the degree 
sequence of vertices on this path D,(P). 
Proposition 6. Let P and P’ be two paths of the same length p < 1 with a common 
end-vertex x of degree at least 3. Then D,(P) and D,(P’) are identical. 
Proof. Let P=x,. . . , z and P’=x,. . . , t. Let x0 be an other vertex adjacent to 
x. Then x0 is not on P or P’ and x,, is on a cycle of C (Lemma 2). If we choose a 
path of length l-p-l w,..., x1, x0 on this cycle with x1 fx we obtain two 
paths of length 1 - 1, (w, . . . , x1, x,,) P between z and w and (w, . . . , x0, x1) P’ 
between t and w. Therefore by Lemma 1 d(w) = d(z) = d(t). We can clearly 
make the same reasoning with the subpaths of P and P’ of a given length p’ <p 
and thus obtain D,.(P) = DJP’). 0 
Proposition 7. Let G be a [I, Al-cycle regular graph of minimal degree 6 = 2. Then 
two vertices of degree more than 2 cannot be adjacent. 
Proof. By Proposition 6 (with p = 1) and by connectivity it follows that if two 
vertices of degree more than 2 are adjacent then 6(G) > 2. 0 
If G is not a cycle, there are paths between vertices of degree more than 2 with 
all intermediate vertices of degree 2; we call such path a contractible path. We 
use this term because we are going to contract such a path in a single edge, i.e. 
delete the inner vertices of the path and add an edge between its extremities. 
The length of a contractible path is at most I - 1 by Lemma 1. If two such paths P 
and P’ have a common end, then l(P) = l(P’) by Proposition 6, therefore by 
connectivity all contractible paths have the same length. 
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Proposition 8. Let G be a [I, Al-cycle regular graph of minimal degree 6 = 2, let p 
be the common length of contractible paths in G and let G’ be the connected graph 
obtained by contraction of contractible paths to single edges. Assume p # I- 1 or 
A. # 1. Then G’ is of minimal degree S(G’) > 3 and G’ is a [[l/p], ill-cycle regular 
graph (where [x] denote the upper integer part). 
Proof. Notice first that p divides 1 - 1 because there is in G some path of length 
I- 1, of which the extremities are vertices of degree >2 so are union of 
contractible paths. 
Every vertex of G with degree >2 is end of at least 3 contractible paths 
therefore 6(G’) > 2. 
Assume that two contractible paths have the same two ends. We have 2p 2 1 
(because G is of girth at least 1) but p divides I- 1, thus p = I- 1. Therefore, if 
p # I- 1, then G’ is without multiple edges. 
If p = 1 - 1 and if G’ has multiples edges then we have il = 1. Therefore we 
exclude this case because we have chosen to consider only simple graphs. 
Notice that every path in G with two vertices of degree at least 3 as extremities 
is the union of contractible paths. The vertices of G’ are vertices of G with 
degree >2, therefore G’ is connected. If there is a cycle in G’ of length c it is a 
contraction of a cycle of length p . c in G’. Therefore G’ is of girth at least [l/p]. 
Let P be a path in G’ with length [l/p] and extremities X, y. Then 
[l/p] = (1 - l/p) + 1 because p divides I- 1. 
P is the contraction of a unique path in G of length I- 1 +p. Every I-length 
subpath of this path belongs to the same A cycles in C; and the contraction of 
these A cycles form exactly A cycles of G’ which are the only one (as contraction 
of cycles in C) containing the path P; therefore G’ is a [[l/p], d]-cycle regular 
graph where cycles in C’ are the contractions of cycles of C. Cl 
The (p - 1)-subdivision of a graph G’ is obtained by inserting p - 1 new 
vertices of degree 2 on every edge of G’. 
Theorem 9. If G is a [I, Al-cycle regular graph of minimal degree 6 = 2, then there 
is an integer p with 2 up s 1 - 1 such that G is a (p - 1)-subdivision of a 
[[f/p], ill-cycle regular graph with minimal degree 6 2 3. 
Proof. Notice that if p = I- 1 the contracted graph G’ can have multiple edges 
and in this case A = 1; furthermore G’ is obtained from a simple [2, l]-cycle 
regular graph G” substituting some edges by a pair of edges. But not all these 
constructions are possible. 
Reciprocally if G is a [I, ill-cycle regular graph (with (1, A) # (2,l)) and k is an 
integer, then the k-subdivision G’ of G is a [(I - l)(k + 1) + 1, Al-cycle regular 
graph where cycles in C’ are the k-subdivisions of cycles in C. We have this 
property because every (I - l)(k + 1) + 1 path of G’ is a subpath of the 
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k-subdivision of a unique 1 path of G and therefore is contained in exactly A 
k-subdivisions of cycles in C. 0 
3. [3,1,6]-cycle regular graphs 
[2,1,4]-cycle regular graphs are (0,2) graphs of Mulder. Thus the maximum 
ones are hypercubes Q,. We are going to prove that maximum [3,1,6]-cycle 
regular graphs are also related to Q,. 
Let x be a vertex of a graph G and let Go,, p 2 0, be the set of vertices y with 
d(x, y) =p. For a vertex-transitive graph like Q,, for every vertices x, y there is an 
automorphism of G mapping I&, on &,,) for all i. In this case or in the general 
case if there is no ambiguity we call rpcx, the level r, of G. Notice that for the 
case of hypercubes Qti the level r, can be seen as the p-subsets of a set of n 
vertices (vertices associated to X and Y are adjacent if and only if X A Y = 1). 
Proposition 10. Let G be the subgraph of the hypercube induced by two 
consecutive levels r,_, and rP (p > 1 and p <n), G is a [3, 1, 6]-cycle regular 
graph of order (F) + (, !! I) and is semiregular of degrees n -p + 1 and p. 
Proof. It is clear that G is bipartite and connected. Let x, y, z, t be a 3-path and 
X, Y, Z, T be the corresponding sets. Assume x to be in r,_, ; we have: 
3!a with Y=XU{a} anda$X, 
3!b with Y=ZU{b} andb$Z, b#a, 
3!cwithT=ZU{c}andc$X,b#c,a#c. 
Therefore if x and t are joined by a 3-path; X, T are such that 
IXnT(=p-2, 
X U T = (X n T) U {a, b, c} with a, c $ X and b $ T. 
{a, c} and b are characterized by X and T. Thus there are exactly two 3-paths 
fixed by the choice of ‘a’ in {a, c}. These two paths are disjoint then every 3-path 
belongs to an unique 6-cycle. Cl 
Remark 11. If q_, and q are central levels of Q2,-,, then G is regular of degree 
p and order 2(?:/) = ($). We denote this graph by H,,. 
For example with p = 3 we obtain the Desargues graph H3 (Fig. 1). 
Another important family of [3,1,6]-cycle regular graphs consists of the Odd 
graphs introduced in [l]. 
Definition. For an integer n z= 2, the Odd graph 0, has the (n - 1)-subsets of 
N={l,2,..., 2n - l} as vertices and two vertices are joined by an edge if their 
corresponding subsets are disjoint. 
The smallest Odd Graphs are K3 and the Petersen graph (Fig. 5). 
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Fig. 5. 
Proposition 12. For every n > 2, the odd graph 0, is a [3, 1, 6]-cycle regular 
graph of degree n and order (?I:). 




But we have c # a (because a E Z) and X fl T = {b} and X U T = {a, c}. 
Therefore as in the proof of the above proposition there are exactly two disjoint 
3-paths fixed by the choice of ‘a’ in {a, c). 
Lemma 13. Let G be a [3, 1, 6]-cycle regular graph and for an arbitrary level 
decomposition &, 4, . . . , C of G let u in c. Then d,, = II&, f~ c_Il 2 [i/2]. 
Proof. This is true for i = 0, 1 and 2. Assume the property for all vertices in K 
and let u in c+‘+2 and v in & be on a 2-path u, yO, v. 
Let x1,. . . , xp be the neighbours of v in c-, (p 2 [i/2] ) and y,, . . . , yq be the 
neighbours of u (distinct from y,) in c+I (Fig. 6). 
a 
I- I- r I- 
i-l I i+l i+2 
Fig. 6. 
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Let Ni,j (i=l,. . . ,JJ;j=l, . . . , q) be the number of 6-cycles using the path 
xi, u, y,, u, yj. By the fact that G is a [3,1,6]-cycle regular graph using the two 
3-paths xi, u, y,,, u and V, yo, U, yj we obtain: 
VicNi,j=l and VizNi,jsl. 
i I 
Therefore Ci Cj Ni,j is equal to p and is at most q; but d,, = q + 1 and d&, = p, 
then by induction the lemma follows. 0 
Corollary 14. Let G be a [3, 1, 6]-cycle regular graph of maximum degree n and 
r,,r,,..., r, a level decomposition from a vertex of degree n, then, for 
k=O,...,n-2, 
Ir,,+,l s (n/k + l)(  n i l))* and 
lr2k+2l =Z (n(n - k - l)l(k + I)*)( ( n i ‘))*. 
Proof. This is true for k = 0. We have also ]q]= n and ]r,] s n(n - 1). Assume 
by induction hypothesis that I&,] < (n(n - k)lk*)((z: i))“. Let n’ be the degree 
of vertices in odd levels. 
By counting the edges between & and &+r, we get from Lemma 13 that this 
number is at least ]&,+,l( [2k + l/2]) and at most I&,] (n - [2k/2]). Thus we 
have 
IG,+,l s I&l (n - k)l(k + 1) 6 (0 - k)*/k*(k +I))( (L I:))* 
= (nl(k + l))( (n i ‘))‘. 
Similarly counting the edges between r2,+, and I&+, gives 
I&+,1 6 lGk+dn’ -k - lY(k + 1) 
~(n(n-k-l)/(k+l)2)((n~1))2. 0 
By the Lemma 13, G is of diameter at most 2n - 1. Using the corollary we 
obtain: 
IV(G)l c Kl + Irzn-II 
+ i=o?n-2 r i ?I2 ((n/i + 1) + n(n - i - l)/(i + l)*). > I 
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But II&-r] c 1 and Ir,l= 1, whence 
IV(G)1 =s 2 + j=,,ln_2 ((n ;y@‘l(i +m 
Iv(G)l c2+ &, ((i : J = +z. n ((X2 = (9 . 3 
Therefore every [3, 1,6]-cycle regular graph of maximum degree n is of order 
at most (2). We are going to prove now that maximum [3,1,6]-cycle regular 
graphs are the subgraphs H,, induced by central levels c_, and & of odd 
dimension hypercubes Q2,, _ *. 
Assume that G is a [3,1,6]-cycle regular graph of maximum degree n and of 
order (2). Then we have for k = 0, . . . , n - 1 
lG,+,l = (n/k + I)( (’ i ‘))’ and 
lG,c+zl = (4n - k - l)l(k + I)‘)( (’ ; l))‘. 
Therefore G is regular and it is clear that using these equalities in the proof of 
the above corollary we obtain for all u in q (i = 0, . . . , 2n - 1) 
d-(u) = ]I&, fl c-,1 = [i/21 and d+(u) = I&, tl C+,I = n - [i/2], 
where I&, is the set of neighbours of U. 
Lemma 15. Every 6-cycle of G encounters exactly 2 or 4 levels. 
Proof. First count the number Ai of 6-cycles encountering the four levels 
c’, c-r, c--2, c-,. This gives 
Ai = 4 . Ili’_ll di+_, d,, d,,. 
Every 6-cycle of G encountering only the three levels c, c_1, c_, contains a 
3-path x, y, z, t with x in c-2, y and t in &_ r, z in 4. And the number of these 
paths is exactly Af = [~-,I di+_,d,,(d; - 1) = 2A,. 
But the Ai 6-cycles contains exactly 2 Aj distinct such paths therefore there is 
no path belonging to a 6-cycle of G encountering 3 levels and thus no such 
cycles. 0 
Lemma-16. Let AI, AZ, . . . , A, be p sets (p Z= 2) of the same cardinality a 2 2 
such that 
ViVj’jA,nAil=a-1. 
Then we have: 
(1) lfL=l,...,p Ail = a - 1 or 
(2) IUi=l,...,pAl = a + 1. 
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Proof. Notice first that (1) and (2) are incompatible for p > 2. If p = 2, then we 
have (1) and (2). 
Assume the property (a fixed) for p - 1 (p 2 3). 
IfA1,A2,..., A,aresuchthatViVjlAinAjl=a-1, thenA,,A,,...,A,_, 
are also such and therefore by induction hypothesis we have: 
(3) IfJi=l,...,P-l Ail = a - 1 or 
(4) lUi=~,...,~-I Ail = a + 1. 
Assume that we have the equality (3) with ni=l,..,,p-lAi CA,. Then clearly 
ni=i ,.._, pAi = fli=i ,__., p-i Ai and we have (1). 
Assume now that we have (3) with x in ni=l,...,p-lAi and not in A,. Then x 
is unique and Vi=l,... , p - 1 we have Ai = (Ai fl AP) U {x} is include in 
A, U {x}. Thus lJi=l,,,,,P-l A, is include in A, U {x}, and we have (4), this implies 
p-1=2andlA,UA,UA,l=lA,U{x}J=a+1. 
Assume now that we have the equality (4). If A, c lJi=l,..,,p_-l Ai, then we have 
(2). Else let x be in A, but not in Ui=r,,,_,p-r Ai. For i = 1, . . . , p - 1 we have 
A, = (Ai fl AP) U {x}, but &, ,.__, P-l Ai n A, is included in l-&r ,,._, P--l Ai and we 
have (3). This implies p = 3 and (A, flAz fl A,) U {x} =A3, and (1) follows. 0 
Let G be a [3,1,6]-cycle regular graph of maximum degree IZ and of order (2). 
Choose an arbitrary level decomposition K,, c, . . . , &n_-1 of G. We prove now 
by induction on i, with i s 2n - 1, that the subgraph induced by r,, r,, . . . , c is 
isomorphic to the subgraph induced by the first levels r& r;, . . . , r] of H,. 
We first prove the property for i = 3. Let x in &, let xi, x2, _ . . , x, be in G and 
Fig. 8. 
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let xln+i, x~~+~,. . . , xlh-l be the neighbours of x1 in r, (Fig. 7). For 
i=2 * . , nandj=n+l,..., 2n - 1, let Xii be the unique vertex in I’@,) II G 
belonging to the 6-cycle which closes the path xlj, x1, x, xi. 
An interesting property of this labeling is that Xii belongs to the closure of the 
path xkj, xk, X, Xi for every k. Indeed if xlj, x1, x, Xi, xii, t, xlj and 
Xlj, X1, X, xk, xkj, Z, Xlj aI’e the dOSUrf Of Xlj, X1, X, Xi and Xlj, Xl, X, Xk (Fig. 8) 
then the 3-path z, Xlj, t, Xii belongs to a cycle encountering two levels 
z, xii, t, xii, U, xkj, z (Xlj and xkj are the unique neighbours of z in r, because 
d-(z) = 2) therefore xkj, xkp X, Xi k closed by xkj, xk, X, Xi, Xij, Cl, xkj. 
If we label the vertex of & belonging to the closure of Xij, Xi, X, xk by x{ik)j (and 
then Of xkj, xk, X, Xi) the mapping 
X - A = {n + 1,. . . ,2n - l}, 
xi f, {i, n + 1,. . . ,2n -l}, 
xij * {i,n+l,.. . ,j-l,j+l,. . . ,2n-l}, 
x(ik}j ++ {i,k,n+l,.. . ,j-l,j+l,. . . ,2n-l}, 
gives an isomorphism between the subgraphs induced by l& &, . . . , r3 and 
r;, r;, . . . , r;. 
Assume now by induction hypothesis that the subgraphs induced by 
G, r,, . . . , C and r;, r;, . . . , r,! are isomorphic (with i 3 3) by 8. 
Let II be in &+l, let x1, xz be two neighbours of v in G and let Xi, X2 be the 
associated sets in ri (Fig. 9). We first prove that IX, AX*1 = 2. 
Let y in c-l adjacent to x2. Then y, x2, u, x1 are on a unique B-cycle 
y, x2, u, x1, t, u, y with t in G-1 and u in G-z by Lemma 2. Let w be a neighbour 
of u in &_,. If W, Y, X,, V, X1, T, (I are the associated sets in H, then WA U, 
U A T, TAX,, X2 A Y, U A Y are distinct singletons if IX1 A X21 = 4. In this case 
the set Z =X2 A (UA W) is in rl!_l and IZ AXI1 = 5. But the path x1, v, x2, z 
belongs to a 6-cycle x1, v, xz, z, zl, zz, x1 with z, in &_, and z, in q_,. And 
the existence in r& r;, . . . , r: of a path z, z,, z,, x1 is incompatible with 
JZAXIJ = 5. 
Therefore IX1 AXzl # 4, IX, A X21 = 2 and TAX, = X2 A Y. Then the set 
Z=X,A(UAY)=X,A(UAT)isinr~+, and is a common neighbour of Xl and 
Fig. 9. 
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Fig. 10. 
X,. Thus xi, x2, . . . , xp, with p = [(i + 1)/21, which are the neighbours of Y in 
c, are such that Vj Vk 
(1) the associated sets of ri satisfy IXj 17 X,1 = 1X11 - 1 
(2) Xj and xk have no common neighbour in c-,. 
Assume without loss of generality that A, the origin of the level decomposition 
r;, r;, . . . ) r&_, of H,, is of cardinality n - 1. If i is even (respectively odd) 
then 1X,1 = it - 1 (resp. n) and we want to prove that lJi=i,...,,Xi (resp. 
fL=l,___, p xi) is in C+I. 
Assume i to be even. By the above lemma we have lni=i,...,, Xi1 = IZ - 2 or 
lUi=l,...,p Xi1 = n. Assume Ini=, ,,,_, pXi1 = it - 2. Then, for all j = 2, . . . , p, we 
have 1X1 U Xjl = n and we know that Xi U Xj 4 ri_l (otherwise xi and Xi would 
have a common neighbour in c-i). Thus Xi U Xj E I’,l+l and ni=l,...,P Xi =X1 fl 
X2 satisfies 1(&i,...,, Xi) AAl = i - 1. Therefore, for all j, the unique element of 
Xj - X1 is not in A but is also the unique element of Xi - ni=l,...,P Xi and is not 
included in ni=r,.,,,, Xi. Thus an element of A - ni=l,..,,, Xi (which exists by 
cardinality argument) is an element k in A with k $ Xj for all j. Choose such a k; 
For all j we have Xj U {k} in &_i and ni=, ,___, P Xi U {k} in r,!_2 (Fig. 10). 
Then we have p disjoint 3-paths in G between v and the vertex of &_, mapped 
to fli=h..,p Xi U {k}. But p s 3, with i 2 4, and this is not possible. Therefore 
If7i=b..p Xi1 # 12 - 2 and lJiE1 ,__,, P Xi is of cardinality n, exactly is in ri+i. 
Mapping v to Ui=i ,___, p Xi, for all v in rl,+r, we obtain the required isomorphism 
between the subgraphs induced by &, 4, . . . , c+, and r& rl, . . . , r,!+l. 
Assume now i to be odd. If i = 3 then X1 rl X2 is in c+l. If i > 3, then p 5 3. 
Assume that llJi=i,.,,,,Xil = n + 1. For all j # 2, the set X1 n Xi is of cardinal 
O-'("X'i) 
Fig. 11 
Cycle-regular graphs 41 
n - 1 and cannot be in &1 whence i‘s in c’,,. Then X1 - Xi is in A but on the 
other hand IJizI ,,__, p Xi = XI U Xi. Therefore UizI ,___, P Xi - Xj is an element of A 
and by cardinality there is some k in IJi=r, , P Xi, hence in ni=,, , P Xi, with 
k 6 A. For all i, let Xi be the set of elements of Xj distinct from k. All the X! are 
in c_, and Ui=l,__,, pXi is in r[_, (Fig. 11). 
There are at least 3 disjoint 3-paths between u and the vertex of Ii’_-2 mapped to 
UiCl,.,.,,X,! and this is impossible in a [3,1,6]-cycle regular graph. Thus 
nj=, ,,__, p Xi is X1 n X2, therefore is in C+, and mapping Y to n,=,,...,,X, gives 
also an isomorphism between the subgraphs induced by r,, &, . . . , &+l and 
r;, r;, . . . ) ly,l. This ends the proof of the following theorem. 
Theorem 17. Let G be a [3, 1, 6]-cycle regular graph of maximum degree n. Then 
IV(G)1 s(F), and IV(G)1 = (2) if and only if G i.s the subgraph H, of Q2n--1 
induced by the central levels r, _1 and r,. 
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